Abstract. We study hearts of cotorsion pairs in triangulated and exact categories. We show that they are equivalent to functor categories over cohearts of the cotorsion pairs.
Introduction
The notion of cotorsion pair in triangulated and exact categories is a general framework to study important structures in representation theory. Recently the notion of hearts of cotorsion pairs was introduced in [N] and [L] , and they are proved to be abelian categories, which were known for the heart of t-structure [BBD] and the quotient category by cluster tilting subcategory. We refer to [L2] and [AN] for more results on hearts of cotorsion pairs.
In this paper, we give an equivalence between hearts and the functor categories over cohearts. For the details of functor category, see [IY, Definition 2.9] .
For any cotorsion pair (U, V) on a triangulated category T , we introduce the notion of cohearts of a cotorsion pair, denote by
This is a generalization of coheart of a co-t-structure, which plays an important role in [KY] . We have the following theorem in triangulated category.
Theorem 1.1. Let (U, V) be a cotorsion pair on a triangulated category T . If U[−1] ⊆ C * U, then the heart of (U, V) has enough projectives, and moreover it is equivalent to the functor category mod C.
This generalizes [BR, Theorem 3.4 ] which is for t-structure. One standard example of this theorem is the following: let A be a Neotherian ring with finite global dimension, then the standard t-structure of D b (mod A) has a heart mod A with co-heart proj A, and we have an equivalence mod A ≃ mod(proj A) in this case.
For any cotorsion pair (U, V) on an exact category E, we denote
the coheart of (U, V). We have the following theorem in exact category.
Theorem 1.2. Let (U, V) be a cotorsion pair on an exact category E with enough projectives and injectives, if for any any object U ∈ U, there exists an exact sequence 0 → U ′ → C → U → 0 where U ′ ∈ U and C ∈ C, then the heart of (U, V) has enough projectives, and moreover it is equivalent to the functor category mod(C/P), where P is the subcategory of projetive objects on E.
We also show that the condition U[−1] ⊆ C * U on triangulated category is satisfied in many cases, for example, when U is covariantly finite in a Krull-Schmidt triangulated category. And for exact category case, see Examples 4.3 and 4.4.
Hearts on triangulated categories
Let T be a triangulated category.
Definition 2.1. Let U and V be full additive subcategories of T which are closed under direct summands. We call (U, V) a cotorsion pair if it satisfies the following conditions:
(a) Ext
For any object T ∈ T , there exsist two short exact sequences
For a cotorsion pairs (U, V), let W := U ∩ V. We denote the quotient of T by W as T := T /W. For any morphism f ∈ Hom T (X, Y ), we denote its image in Hom T (X, Y ) by f . For any subcategory D ⊇ W of T , we denote by D the full subcategory of T consisting of the same objects as D. Let
we call the additive subcategory H the heart of cotorsion pair (U, V). Under these settings, Abe, Nakaoka [AN] introduced the homological functor H : T → H associated with (U, V). We often use the following property of H:
for any object C ∈ C, by definition of H we get the following commutative diagram the following commutative diagram
where [AN, Proposition 3.8, Theorem 5.7] .
For the coheart, we have the following proposition which implies that mod C is an abelian category.
Proposition 2.2. Let (U, V) be a cotorsion pair that U[−1] ⊆ C * U, then the coheart C has pseudo-kernels.
Proof. Let f : C 1 → C 2 be a morphism in C, we can extend it to a triangle T
. We obtain that f (gha) = 0 and we claim that gha :
, we have jx = 0, hence there exists a morphism y :
, we have by = 0, hence there exists a morphism z : C ′ → C such that y = az. Thus g ′ = (gha)z, which means that gha : C → C 1 is a pseudo-kernel of f .
We will prove the following theorem.
Theorem 2.3. Let (U, V) be a cotorsion pair that U[−1] ⊆ C * U, then H has enough projectives H(C) and is equivalent to mod C.
Let's start with an important property for H.
Proposition 2.4. The functor H : C → H(C) is an equivalence.
Proof. By definition we get that H is dense on C. We only have to check that H| C is fully-faithful. Let C 1 , C 2 ∈ C, since C i , i = 1, 2 admits a triangle
where [N, Proposition 4 .3], we get a commutative diagram
where
Then we have g = H(f ′ ). Thus H is full on C.
Now we prove the following theorem.
Theorem 2.5. If U[−1] ⊆ C * U, then H has enough projectives H(C).
Proof. We first prove that H(C) is projective in H. Let f : A → B be an epimorphism in H, since A ∈ E − , we get the following commutative diagram in T
First we show that D ∈ add(U * V). We can get the following triangle 
Denote B ⊕ W
A by B ′ , from the second square (2) we get a triangle A
Apply H to this diagram, since H(i) is an isomorphism in H, we have the following commutative diagram
This implies that H(C) is projective in H.
Since U[−1] ⊆ C * U, and H ⊆ U[−1] * U = C * U, any object A ∈ H admits a triangle
, apply H to this triangle, we get an exact sequence H(C A ) → A → 0 in H. Now we show the main result of this section.
Proof. It is enough to show that H ≃ mod H(C) since C ≃ H(C). Define
Now we show that F is dense. Let N ∈ mod H(C), we have an exact sequence Hom H(C) (−, P 1 )
where P 1 , P 0 ∈ H(C). Since H is abelian, we have a exact sequence P 1 f − → P 0 → Y → 0 Now apply Hom T (H(C), −) to this exact sequence, we have Hom H(C) (−, P 1 )
We prove that F is faithful. Let f : A → B be a morphism in H such that F (f ) = 0. Since U[−1] ⊆ C * U, A admits a triangle
Since there exists a morphism j : H(C) → B such that i = jg, we have f j = 0, hence f i factors through W, then f H(i) = 0. Since H(i) is epimorphic, we get f = 0 We prove that F is full. Let α :
by Yoneda's Lemma. Hence we get the following commutative commutative diagram
Hence Hom H(C) (−, c) = α.
Note that the condition U[−1] ⊆ C * U is satisfied in many cases. The following proposition is given as an example.
Proposition 2.7. If U is covariantly finite and T is Krull-Schimdt, then U[−1] ⊆ C * U.
Proof. If U is covariantly finite and T is Krull-Schimdt, then ( ⊥1 U, U) is a cotorsion pair. Hence any object U ∈ U admits a triangle
Hearts on exact categories
Let E be a exact category with enough projectives P and enough injectives I.
Definition 3.1. Let U and V be full additive subcategories of E which are closed under direct summands. We call (U, V) a cotorsion pair if it satisfies the following conditions:
For any object B ∈ E, there exits two short exact sequences
For a cotorsion pairs (U, V), we denote the quotient of E by U ∩ V as E := E/U ∩ V. Denote U ∩ V by W, for any morphism f ∈ Hom E (X, Y ), we denote its image in Hom E (X, Y ) by f . For any subcategory D ⊇ W of T , we denote by D the full subcategory of E consisting of the same objects as D. Let
we denote the additive subcategory H the heart of cotorsion pair (U, V). Let H : E → H be the half exact functor associated with (U, V) [L2] . We often use the following property of H: H(U) = 0 = H(V). Since P ⊆ U and I ⊆ V, we have H(P) = 0 = H(I).
Since ΩC ⊆ E − by [L2, Lemma 3.2] , for any object ΩC ∈ ΩC, by definition of H we get from the following commutative diagram
where H(a) is an isomorphism by [L2, Theorem 4.1, Proposition 4.2] . For the coheart, we have the following proposition which implies that mod(C/P) is an abelian category.
Proposition 3.2. Let (U, V) be a cotorsion pair that for any any object U ∈ U, there exists an exact sequence 0 → U ′ → C → U → 0 where U ′ ∈ U and C ∈ C,, then the quotient category C/P has pseudo-kernels.
Proof. This is an analog of Proposition 2.2.
Theorem 3.3. Let (U, V) be a cotorsion pair. Let C := U ∩ ⊥1 U and ΩC = {X ∈ E | X admits 0 → X → P → C → 0 where P ∈ P and C ∈ C}. If for any any object U ∈ U, there exists an exact sequence 0 → U ′ → C → U → 0 where U ′ ∈ U and C ∈ C, then the heart of (U, V) has enough projectives H(ΩC) and is equivalent to mod(C/P).
We prove the theorem in several steps. We denote the quotient of E by P as E := E/P. For any morphism f ∈ Hom E (X, Y ), we denote its image in Hom E (X, Y ) by f .
We can define a functor G : C → ΩC such that G(C) = ΩC and G(f ) = g. G is well defined since if f factors through P ′′ ∈ P, then it factors through P ′ , which implies g factors through P , hence g = 0. We prove that G is an equivalence. (i) We first prove that G is faithful. If g = 0, it factors through an projective object P 0 . By the definition of C, we get Ext 1 E (C, P) = 0, hence we have the following
This implies that f factors through P ′ , hence f = 0. (ii) We prove that G is full. where π is the quotient functor.
Proposition 3.5. J : ΩC → H(ΩC) is an equivalence.
which implies that H(x) is an epimorphism.
Theorem 3.8. If for any object U ∈ U, there exists an exact sequence 0 → U ′ → C → U → 0 where U ′ ∈ U and C ∈ C, then H ≃ mod C.
) is a cotorsion pair on E and the coheart C =
We get C/P = add( ⊕ 5 4 ). And the heart is the following.
We can see that mod(C/P) ≃ H.
